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a b s t r a c t

A vector radiative transfer model termed PCOART has been developed for the coupled

ocean–atmosphere system, using the matrix-operator (or adding-doubling) method,

which considers the rough sea-surface. The theoretical formulations of the solution of

the vector radiative transfer equation of the coupled ocean–atmosphere system, and the

reflection–transmission matrices and internal radiation sources for rough sea surface

are described. The model intercomparison is performed for several radiative transfer

problems in the atmosphere and ocean, and the results show that PCOART can exactly

predict the radiance fields for both flat and rough sea surface. Also, the polarizing

remote sensing data from POLDER is used to test the capacity of PCOART to simulate the

polarization radiance at the top-of-atmosphere, which shows that PCOART can perfectly

reproduce the linear polarization reflectance measured by POLDER. PCOART can not

only simulate the total radiance field in the coupled ocean–atmosphere system with

wind-induced rough sea surface but also predict the polarization radiance field both in

the atmosphere and in the ocean, which can serve as a good tool for the ocean optics

and ocean color remote sensing communities.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Radiative transfer plays a fundamental role in oceanic optics and ocean color remote sensing, and the radiative transfer
model describes the radiance transferring through the atmospheric and oceanic medium, by which the sensor onboard
space-platform can receive the radiance containing the desirable ocean color information. In the past decades, more than
twenty satellite ocean color remote sensors had been launched (http://www.ioccg.org/), including the widely used sensors,
such as Sea-viewing Wide Field-of-view Sensor (SeaWiFS), Moderate-resolution Imaging Spectroradiometer (MODIS) and
Medium Resolution Imaging Spectrometer (MERIS). Also, about fifteen new satellite ocean color remote sensors are
planned to be launched before 2015 (http://www.ioccg.org/), including the Visible Infrared Imager Radiometer Suite
(VIIRS), Ocean & Land Color Instrument (OLCI), Geostationary Ocean Color Imager (GOCI), Second-generation Global Imager
(S-GLI), etc. All of these sensors have enhanced spectral and radiometric resolution compared with their predecessor—

Coastal Zone Color Scanner (CZCS). In order to fully retrieve the atmospheric and oceanic information from the satellite
measured spectral signal, the radiative transfer in the atmosphere and ocean must be understood very well, e.g. the exact
atmospheric correction of ocean color should be based on the vector radiative transfer in the atmosphere [1]. Meanwhile,
the radiative transfer in the coupled ocean–atmosphere system is very important for the climate forecasting and for the
marine biology [2]. However, the solution of the radiative transfer equation is complex, which should be based on the
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numerical method. To date, there are several different numerical methods for the solution of the radiative transfer
equation. The most commonly used methods are the matrix-operator method (or adding-doubling method) [3], the
discrete ordinates method [4], the spherical harmonic method [5], the Monte-Carlo solutions method [6], the invariant
imbedding method [7], the method of X and Y functions [8], the successive orders of scattering method [9], the FN method
[10], the finite elements method [11], etc.

Using these numerical methods, many codes have been developed for the application of atmospheric and oceanic
radiative transfer problems. For example, DISORT for atmosphere [12] and Hydrolight for water [13] are one of the widely
used codes to simulate the radiance fields in the atmosphere or ocean media. Simply, the code for solving the radiative
transfer equation can be classified into the scalar and the vector one, the one solving the simple atmospheric (or simple
ocean system) and the coupled ocean–atmosphere system, the one with flat sea surface and the one considering the rough
sea surface, etc. All of these are related to the complexity of the numerical model. Theoretically, the closer the simulation to
the real nature, the more complex the numerical model and code, but it is a challenge to solve the complicated radiative
transfer equation and coding. In this paper, we would like to focus on the vector radiative transfer equation for the coupled
ocean–atmospheric system with the consideration of the rough sea surface.

The solution for the vector radiative transfer equation in a coupled ocean–atmosphere system considering the rough sea
surface is particularly of interest for the ocean optics and ocean color remote sensing. Polarization must be included in the
accurate radiative transfer calculations at the surface of and within the ocean [14,15], and significant error can occur in
radiance calculations when one neglects polarization effects [16–18]. Meanwhile, the polarization properties can be used
to retrieve the ocean color information [19,20], and improve contrast in underwater viewing systems [21], and understand
the effect of polarized light in the ocean on the behavior of marine organisms [22]. Also, the atmospheric correction of the
ocean color remote sensing should consider the polarization; ignoring the polarization could induce 410% errors for the
Rayleigh scattering calculation [23], so the polarization correction of the ocean color sensors should estimate the polarized
radiance received by the sensor [24], such as the MODIS [25]. Usually the sea surface is ruffled by the wind. In order to
obtain a realistic model of the atmosphere–ocean system, we need to solve the radiative transfer equation with the rough
sea surface. However, there are few codes dealing with the vector radiative transfer of the coupled ocean–atmosphere
system with the rough sea surface. Based on the matrix operator method, Nakajima and Tanaka [26] and Fischer and Grassl
[27] solve the scalar radiative transfer equation in a coupled ocean–atmosphere system with wind-induced rough sea
surface. Fell and Fischer have developed the scalar radiative transfer code named MOMO to deal with a coupled ocean–
atmosphere system for the rough sea surface [28]. Jin and Stamnes have developed a website-based radiative transfer code
named COART by solving the scalar radiative transfer equation in the coupled ocean–atmosphere system with a rough sea
surface using the discrete ordinates method [29]. Bulgarelli et al. have developed the finite element method for solving the
scalar radiative transfer equation in a coupled ocean–atmosphere system with a flat sea surface [30]. For the vector
radiative transfer codes in the coupled ocean–atmosphere system, Chami et al. solved the vector radiative transfer
equation using the successive orders of the scattering method, which assumes a flat ocean surface and ignores the
circularly polarized component [31]. Recently, several vector radiative transfer models for coupled ocean–atmosphere
system have been developed based on the successive order of the scattering method [32,33], the discrete ordinate method
and the Monte-Carlo method [34–36]. To the best of the author’s knowledge, the model by Chowdhary et al. is the only one
that solves the vector radiative transfer equation in the coupled ocean–atmosphere system considering the rough sea
surface based on the adding method [37].

We had developed a vector radiative transfer model of the coupled ocean–atmosphere system for flat sea surface using
the matrix-operator method [38]. The code of the model for the vector radiative transfer in the atmosphere was based on
the RT3 code developed by Evans and Stephens [39]. However, the flat surface assumption limits the applications of the
model because the wind-blown ocean surface is hardly flat. Here, the aim of this paper is to develop a rather complete
model trying to get close to the real nature, which is a vector radiative transfer model of the coupled ocean–atmosphere
system for a rough sea surface. The model is termed as PCOART, which is based on our previous version for the flat sea
surface [38]. In this paper, we describe the physics principle and detailed mathematical derivation of PCOART for rough
sea-surface based on the previous version for the flat sea-surface. Firstly, we describe the vector radiative transfer
equation, the detail mathematical derivation of matrix-operator method for simple atmosphere or ocean medium, and the
coupling of the atmosphere and ocean radiative transfer. Then, we describe the detailed mathematical derivation of the
reflection–transmission matrices, and the internal radiation sources for rough sea surface. Finally we provide the results of
model validation and intercomparison. Section 4 presents the conclusions.
2. Theory

2.1. The vector radiative transfer equation

The radiation can be fully described by the Stokes vector L(=[I,Q,U,V]T), where I, Q, U and V are the Stokes vector
components, and the superscript T stands for the transpose of the vector. A formal definition of the Stokes vector
components in a medium can be found in the literature [40]. The propagation and redistribution of the radiation in the
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plane-parallel media such as atmosphere and ocean can be described by the vector radiative transfer equation as

m dLðt;m,fÞ
dt ¼�Lðt;m,fÞþ

$ðtÞ
4p

Z 2p

0

Z 1

�1
Zðt;m,f;m0,f0ÞLðt;m0,f0Þdm0 df0 þ$ðtÞ

4p
Zðt;m,f;m0,f0ÞF0expð�t=m0Þ ð1Þ

where m is the cosine of the zenith angle with the positive for downward and the minus for upward; f is the azimuth
angle; t is the optical depth; $ is the single scattering albedo; F0 is the incident extraterrestrial solar flux vector, which
should include the direct reflectance flux by the sea surface for the flat sea surface case; m0 and f0 are the cosine of solar
zenith angle and azimuth angle, respectively. Z is the scattering phase matrix of the medium with 4�4 dimensions, which
is defined as

Zðt;m,f;m0,f0Þ ¼ Cðp�i2ÞPðt;m,f;m0,f0ÞCð�i1Þ ð2Þ

where C is the rotation matrix that rotates the reference plane of the Stokes vector; i1 and i2 are the rotation angles [8]; and
P is the scattering matrix for the turbid medium. Eq. (1) is valid for the macroscopically isotropic and mirror-symmetric
scattering media at the visible and near-infrared wavelength where the thermal emission can be ignored [41].

2.2. The matrix-operator method for simple atmosphere or ocean medium

The matrix-operator (or adding-doubling) method is one of the most widely used methods to solve the radiative
transfer equation in the plane-parallel medium such as atmosphere and ocean, and it is particularly suited for the
development of remote sensing retrieval algorithms of cloud parameters and water constituents [41]. In the matrix-
operator method, the azimuthally dependent Stokes vector and scattering phase matrix are expanded into the Fourier
series as

Lðt;m,fÞ ¼ L0
ðt;mÞþ

XM
m ¼ 1

½Lcm
ðt;mÞcosðmfÞþLsm

ðt;mÞsinðmfÞ� ð3Þ

Zðt;m,f;m0,f0Þ ¼ Z0
ðt;m,m0Þþ

XM
m ¼ 1

fZcm
ðt;m,m0Þcos½mðf�f0Þ�þZsm

ðt;m,m0Þsin½mðf�f0Þ�g ð4Þ

Substituting Eqs. (3) and (4) into Eq. (1), and using the orthogonal properties of sine and cosine functions, we can obtain
a series of 2M+1 azimuthally independent equations as follows:

m dL0
ðt;mÞ
dt

¼�L0
ðt;mÞþ$ðtÞ

2

Z 1

�1
Z0
ðt;m,m0ÞL0

ðt;m0Þdm0 þ$ðtÞ
4p

Z0
ðt;m,m0ÞF0expð�t=m0Þ ð5Þ

m dLcm
ðt;mÞ

dt ¼�Lcm
ðt;mÞþ$ðtÞ

4

Z 1

�1
½Zcm
ðt;m,m0ÞLcm

ðt;m0Þ�Zsm
ðt;m,m0ÞLsm

ðt;m0Þ�dm0 þ$ðtÞ
4p Zcm

ðt;m,m0ÞF0expð�t=m0Þ

ð6Þ

m dLsm
ðt;mÞ

dt
¼�Lsm

ðt;mÞþ$ðtÞ
4

Z 1

�1
½Zsm
ðt;m,m0ÞLcm

ðt;m0ÞþZcm
ðt;m,m0ÞLsm

ðt;m0Þ�dm0 þ$ðtÞ
4p

Zsm
ðt;m,m0ÞF0expð�t=m0Þ

ð7Þ

Using the Gaussian-quadrature method, Eqs. (5)–(7) can be rewritten as

m dL0
ðt;miÞ

dt
¼�L0

ðt;miÞþ
XN

j ¼ �N
ja0

$ðtÞ
2

Z0
ðt;mi,mjÞL

0
ðt;mjÞwjþ

$ðtÞ
4p

Z0
ðt;mi,m0ÞF0expð�t=m0Þ ð8Þ

m dLcm
ðt;miÞ

dt ¼�Lcm
ðt;miÞþ

XN

j ¼ �N
ja0

$ðtÞ
4
½Zcm
ðt;mi,mjÞL

cm
ðt;mjÞ�Zsm

ðt;mi,mjÞL
sm
ðt;mjÞ�wjþ

$ðtÞ
4p Zcm

ðt;mi,m0ÞF0expð�t=m0Þ

ð9Þ

m dLsm
ðt;miÞ

dt ¼�Lsm
ðt;miÞþ

XN

j ¼ �N
ja0

$ðtÞ
4
½Zsm
ðt;mi,mjÞL

cm
ðt;mjÞþZcm

ðt;mi,mjÞL
sm
ðt;mjÞ�wjþ

$ðtÞ
4p Zsm

ðt;mi,m0ÞF0expð�t=m0Þ

ð10Þ

where mi and mj are the nodes of the Legendre polynomial of order 2N, and wj is the corresponding Gaussian-quadrature
weight. Here, we define the combined Stokes vector and scattering phase matrices as

Lm ¼
Lcm

Lsm

" #
ð11Þ
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Hm ¼
Zcm

�Zsm

Zsm Zcm

" #
ð12Þ

Zm ¼
Zcm

Zsm

" #
ð13Þ

Then, Eqs. (9) and (10) can be rewritten as

mdLmðt;miÞ

dt ¼�Lmðt;miÞþ
XN

j ¼ �N
ja0

$ðtÞ
4

Hmðt;mi,mjÞLmðt;mjÞwjþ
$ðtÞ
4p Zmðt;mi,m0ÞF0expð�t=m0Þ, m¼ 1,2, . . . ,M ð14Þ

Eqs. (8) and (14) have a similar form, and can be rewritten in the matrix form as

N
dLþm ðtÞ

dt
¼�Lþm ðtÞþ

$ðtÞ
4
ð1þdð0,mÞÞ½H

þ þ
m ðtÞWLþm ðtÞþHþ�m ðtÞWL�mðtÞ�þ Jþ0mðtÞ ð15Þ

N
dL�mðtÞ

dt ¼ L�mðtÞ�
$ðtÞ

4
ð1þdð0,mÞÞ½H

� þ
m ðtÞWLþm ðtÞþH��m ðtÞWL�mðtÞ�þ J�0mðtÞ ð16Þ

where superscripts ‘‘+ ’’ and ‘‘� ’’ represent the downward and the upward; d is the Kronecker d; J0m is the vector of the
source term corresponding to the last item of Eqs. (8) and (14); N and W are the diagonal matrices diag[m1,m2,y,mN] and
diag[w1,w2,y, wN], respectively. For a very thin layer with the optical thickness of Dt, Eqs. (15) and (16) can be rewritten in
the difference approximation form as

Lþm ðtþDtÞ ¼ E�N�1Dtþ$ðtÞDt
4
ð1þdð0,mÞÞN

�1Hþ þm ðtÞW
� �

Lþm ðtÞ

þ
$ðtÞDt

4
ð1þdð0,mÞÞN

�1Hþ�m ðtÞW
� �

L�mðtþDtÞþDtN�1Jþ0mðtþDtÞ ð17Þ

L�mðtÞ ¼ E�N�1Dtþ$ðtÞDt
4
ð1þdð0,mÞÞN

�1H��m ðtÞW
� �

L�mðtþDtÞþ
$ðtÞDt

4
ð1þdð0,mÞÞN

�1H� þm W

� �
Lþm ðtÞþDtN�1J�0mðtÞ

ð18Þ

Defining the following parameters as

Rþm ðDtÞ ¼
$0ðtÞDt

4
ð1þdð0,mÞÞN

�1H� þm W

R�mðDtÞ ¼
$0ðtÞDt

4
ð1þdð0,mÞÞN

�1Hþ �m ðtÞW

Tþm ðDtÞ ¼ E�N�1Dtþ$0ðtÞDt
4

ð1þdð0,mÞÞN
�1Hþ þm ðtÞW

T�mðDtÞ ¼ E�N�1Dtþ$0ðtÞDt
4

ð1þdð0,mÞÞN
�1H� �m ðtÞW

Jþm ðtÞ ¼DtN�1Jþ0mðtÞ
J�mðtÞ ¼DtN�1J�0mðtÞ

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð19Þ

where R, T and J are the reflection matrixes, the transmission matrixes and the internal radiation sources of the thin layer,
respectively, Eqs. (17) and (18) can be rewritten as Eqs. (20) and (21), which are the basic equations of the adding-doubling
method:

Lþm ðtþDtÞ ¼ Tþm ðDtÞL
þ
m ðtÞþR�mðDtÞL

�
mðtþDtÞþ Jþm ðtþDtÞ ð20Þ

L�mðtÞ ¼ T�mðDtÞL
�
mðtþDtÞþRþm ðDtÞL

þ
m ðtÞþ J�mðtÞ ð21Þ

The schematic diagram of the adding-doubling method is shown in Fig. 1; there are two adjacent layers, named L01 and
L12. Using Eqs. (20) and (21), there are relationships for layer L01 as (here we omit the index denoting the order of Fourier
series)

Lþ1 ¼ T01Lþ0 þR10L�1 þ Jþ01 ð22Þ

L�0 ¼ R01Lþ0 þT10L�1 þ J�10 ð23Þ

where T01 and T10 quantify the transmission of the downward radiance and the upward radiance, respectively; R01 and R10

are the reflection of the downward radiance and the upward radiance, respectively; J10
� is the contribution of the internal

radiation sources to the upward radiance at the interface 0, and J01
+ is the contribution of the internal radiation sources to

the downward radiance at the interface 1. For layer L12, there are similar relationships as

Lþ2 ¼ T12Lþ1 þR21L�2 þ Jþ12 ð24Þ
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� on the upper

interface 0 and lower interface 2, respectively.
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L�1 ¼ R12Lþ1 þT21L�2 þ J�21 ð25Þ

Combining layer L01 with layer L12, we obtain the relationships for the combined layer L02 as follos:

Lþ2 ¼ T02Lþ0 þR20L�2 þJþ02 ð26Þ

L�0 ¼ T20L�2 þR02Lþ0 þ J�20 ð27Þ

With Eqs. (22)–(27), the radiance distribution at the internal interface 1 can be expressed as

L�1 ¼ ðE�R12R10Þ
�1
ðR12T01Lþ0 þT21L�2 þ J�21þR12Jþ01Þ ð28Þ

Lþ1 ¼ ðE�R10R12Þ
�1
ðR10T21L�2 þT01Lþ0 þ Jþ01þR10J�21Þ ð29Þ

Substituting Eq. (29) into Eq. (24), we have

Lþ2 ¼ ½T12ðE�R10R12Þ
�1T01�L

þ
0 þ½T12ðE�R10R12Þ

�1R10T21þR21�L
�
2 þ Jþ12þT12ðE�R10R12Þ

�1
ðJþ01þR10J�21Þ ð30Þ

Comparing Eq. (26) with Eq. (30), we have relationships of the transmission and reflection matrices, and the internal
radiation sources for the downward radiance of combined layer L02 as

T02 ¼ T12ðE�R10R12Þ
�1T01 ð31Þ

R20 ¼ T12ðE�R10R12Þ
�1R10T21þR21 ð32Þ

Jþ02 ¼ Jþ12þT12ðE�R10R12Þ
�1
ðJþ01þR10J�21Þ ð33Þ

Similarly, we have relationships of the transmission and reflection matrices, and the internal radiation sources for the
upward radiance of the combined layer L02 as

T20 ¼ T10ðE�R12R10Þ
�1T21 ð34Þ

R02 ¼ T10ðE�R12R10Þ
�1R12T01þR01 ð35Þ

J�20 ¼ J�10þT10ðE�R12R10Þ
�1
ðJ�21þR12Jþ01Þ ð36Þ

Therefore, if the reflection matrices, transmission matrices and the internal radiation sources of the layers L01 and L12

are known, then these properties of the combined layer L02 can be derived from Eqs. (31) to (36), and the radiance
distribution at the internal interface can be derived from Eqs. (28) and (29). For practical application, the vertical profile of
the medium is separated by several homogeneous layers, and each layer must be divided by a number of optically very thin
layers whose reflection matrices, transmission matrices and the internal radiation sources can be calculated by Eq. (19).
Using Eqs. (31)–(36) repeatedly, these very thin layers can be combined into a whole layer.

2.3. Coupling of atmosphere and ocean radiative transfer

For the radiative transfer in the simple atmosphere or ocean medium, the Gaussian-quadrature points and weights are
the same in all thin sub-layers, but it is not the case for the coupled ocean–atmosphere medium because of the refraction at
the interface of the atmosphere and ocean. For the flat sea-surface, the incident radiance with the zenith angle ranging
from 01 to 901 in the atmosphere transmits into the ocean in a cone with the maximum zenith angle less than the critical
angle (ycE48.31). Therefore, the number of Gaussian-quadrature points in the ocean must be larger than the number in the
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atmosphere. Generally, there are two different underwater quadrature points methods, named the coupling method and
the decoupling method. The coupling method uses two sets of quadrature points, one corresponds to the refracted
directions of the quadrature points in the atmosphere and the other covers the region outside the Fresnel cone [29]. The
decoupling method selects the quadrature points which are not related by the refracted directions of the quadrature points
in the atmosphere [37]. PCOART uses the coupling method, and the number of Gaussian-quadrature points in the ocean is
set to be two times than that in the atmosphere. Here, we consider a ‘‘Gauss-Lobatto-like’’ quadrature problem for a
function in the ocean, which can be separated into two parts asZ 1

0
f ðm� Þdm� ¼

Z mc

0
f ðm� Þdm�þ

Z 1

mc

f ðm� Þdm� ð37Þ

where m* is the cosine of the zenith angle in the ocean, and mc=cos(yc).
(1)
Fig.
and
For the first part (outside the Fresnel cone), we define m*=mcm, and then we haveZ mc

0
f ðm� Þdm� ¼

Z 1

0
f ðmÞdðmcmÞ ¼ mc

Z 1

0
f ðmÞdðmÞ ¼

XN

i ¼ 1

f ðmiÞðmcwiÞ ð38Þ

where mi and wi are the quadrature points and weights in the atmosphere; N is the number of the Gaussian-quadrature
points in the atmosphere. Therefore, for the region outside the Fresnel cone, the quadrature points and weights in the
ocean are as follows:

m�i ¼ mcmi, i¼ 1,2, . . . ,N

w�i ¼ mcwi, i¼ 1,2, . . . ,N

(
ð39Þ

For the second part (inside the Fresnel cone), according to Snell’s law, the quadrature points in the ocean are
(2)
m�i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð1�m2

i Þ=n2
w

q
, i¼ 1,2, . . . ,N ð40Þ

where the refractive index of the sea water nw is 1.34. Then, we haveZ 1

mc

f ðm� Þdm� ¼
Z 1

0
f ðmÞ m

n2
wm�

dm¼
XN

i ¼ 1

f ðmiÞ
m

n2
wm�

wi

� �
ð41Þ
Therefore, the weights in the ocean are

w�i ¼
mi

m�i
�

wi

n2
w

, i¼ 1,2, . . . ,N ð42Þ

To ensure the energy conservation, the sum of the weights in the two parts should be unit. As we can see the sum of the
weights in the first part is mc, and the sum of the weights in the second part is 1�mc as

XN

i ¼ 1

w�i ¼
XN

i ¼ 1

mi

m�i
wi

n2
w

¼

Z 1

0

mi

m�i
dmi

n2
w

¼

Z 1

mc

dm�i 2

2m�i
¼ 1�mc ð43Þ

Compared with the simple atmosphere or ocean medium, the key layer L(noa) to deal with the radiative transfer process
at the interface of the atmosphere and ocean must be added to couple the ocean and atmosphere. The schematic diagram
of layers in the coupled ocean–atmosphere system is shown in Fig. 2; for the adjacent layers in the atmosphere or the
ocean, such as layers L(n�2) and L(n�1), we can use Eqs. (31)–(36) directly. However, when adding the adjacent layers
L(n�1) and L(n), we must add the layers L(n�1) and L(noa) first to get the combined layer L(combine), before adding the
2. Schematic diagram of layers in the coupled ocean–atmosphere system. L(n�2) and L(n�1) are the two adjacent layers in the atmospheric; L(n)

L(n+1) are the two adjacent layers in the ocean; L(noa) is the interface layer of the atmosphere and ocean.
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layers L(combine) and L(n). In this processing, the key is to get the reflection matrices, transmission matrices and the
internal radiation sources of the ocean–atmosphere interface layer, which will be described in detail in Section 2.4.
Meanwhile, another boundary interface that should be considered is the ocean bottom, which can be taken as a Lambert
reflection surface with fully depolarized reflected radiance. Detailed derivations of the reflection matrices, transmission
matrices and the internal radiation sources of the ocean bottom were given in [38] and will not be repeated here.
2.4. The reflection–transmission matrices and internal radiation sources for rough sea surface

A rough sea surface can be approximated by small planar facets, and the probability density distribution of the facets’
slope can be well approximated by a two-dimensional Gaussian probability density distribution [42]. In the presented
version of PCOART, the wind direction is not considered, and the sea surface facets slope distribution is [26]

pðenÞ ¼ pðjmnjÞ ¼
1

ps2jm3
nj

exp �
1

s2

1�jmnj
2

jmnj
2

 !
ð44Þ

where en is the normal direction vector of the facet; mn is the cosine of zenith angle of the vector en; s2 is the variance,
which depends on the horizontal wind speed V (in m/s) at a height of 10 m above the sea surface as [42]

s2 ¼ 0:003þ0:00512V ð45Þ

p(en) is subject to the following normalization condition:

Z p

�p

Z 1

0
pðenÞdmn dfn ¼ 1 ð46Þ

Here, we assume the reflection and transmission matrices of the facet are rð7mi,fi-8mr ,frÞ and tð7mi,fi-7mt ,ftÞ,
respectively. mi, mr and mt are the cosine of zenith angles of the incident, reflection and transmission radiance vectors,
respectively; fi, fr and ft are the corresponding azimuth angles. The geometries of the incident, reflection and
transmission radiance vectors must obey the Fresnel law relative to the facets. It is worth noting that the cosine of zenith
angle is positive for the downward radiance vector, and here for convenience, we take the values of mi, mr and mt as positive.
Then, the total reflection and transmission radiance vectors are the sum of the reflection and transmission of all facets as

Lrð8mr ,frÞ ¼
R 2p

0

R 1
0rð7m,f-8mr ,frÞLið7m,fÞdmdf

Ltð7mt ,ftÞ ¼
R 2p

0

R 1
0tð7m,f-7mt ,ftÞLið7m,fÞdmdf

8<
: ð47Þ

Expanding Lr, Lt, Li, r and t into the Fourier series as

Lrðmr ,frÞ ¼ L0
r ðmrÞþ

XM
m ¼ 1

½Lcm
r ðmrÞcosmðfr�f0ÞþLsm

r ðmrÞsinmðfr�f0Þ�

Ltðmt ,ftÞ ¼ L0
t ðmtÞþ

XM
m ¼ 1

½Lcm
t ðmtÞcosmðft�f0ÞþLsm

t ðmtÞsinmðft�f0Þ�

Liðm,fÞ ¼ L0
i ðmtÞþ

XM
m ¼ 1

½Lcm
i ðmÞcosmðf�f0ÞþLsm

i ðmÞsinmðf�f0Þ�

rðm,f-mr ,frÞ ¼ r0ðmr ,mÞþ
XM

m ¼ 1

½rcmðmr ,mÞcosmðf�frÞþrsmðmr ,mÞsinmðf�frÞ�

tðm,f-mt ,ftÞ ¼ t0ðmt ,mÞþ
XM

m ¼ 1

½tcmðmt ,mÞcosmðf�ftÞþtsmðmt ,mÞsinmðf�ftÞ�

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

ð48Þ

Substituting Eq. (48) into Eq. (47), and using the orthogonal property of sine and cosine functions, we get the following
equations:

Lcm
r ð8mrÞ ¼ ð1þdð0,mÞÞp

R 1
0½r

cmð8mr ,7mÞLcm
i ð7mÞ�rsmð8mr ,7mÞLsm

i ð7mÞ�dm, m¼ 0, . . . ,M

Lsm
r ð8mrÞ ¼ p

R 1
0½r

smð8mr ,7mÞLcm
i ð7mÞþrcmð8mr ,7mÞLsm

i ð7mÞ�dm, m¼ 1, . . . ,M

8<
: ð49Þ

Lcm
t ð7mtÞ ¼ ð1þdð0,mÞÞp

R 1
0½t

cmð7mt ,7mÞLcm
i ð7mÞ�tsmð7mt ,7mÞLsm

i ð7mÞ�dm, m¼ 0, . . . ,M

Lsm
t ð7mtÞ ¼ p

R 1
0½t

smð7mt ,7mÞLcm
i ð7mÞþtcmð7mt ,7mÞLsm

i ð7mÞ�dm, m¼ 1, . . . ,M

8<
: ð50Þ
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Using the Gaussian-quadrature method, Eqs. (49) and (50) can be rewritten as

Lcm
r ð8miÞ ¼ ð1þdð0,mÞÞp

XN

j ¼ 1

½rcmð8mi,7mjÞL
cm
i ð7mjÞ�rsmð8mi,7mjÞL

sm
i ð7mjÞ�wj, m¼ 0, . . . ,M

Lsm
r ð8miÞ ¼ p

XN

j ¼ 1

½rsmð8mi,7mjÞL
cm
i ð7mjÞþrcmð8mi,7mjÞL

sm
i ð7mjÞ�wj, m¼ 1, . . . ,M

8>>>>>><
>>>>>>:

ð51Þ

Lcm
t ð7miÞ ¼ ð1þdð0,mÞÞp

XN

j ¼ 1

½tcmð7mi,7mjÞL
cm
i ð7mjÞ�tsmð7mi,7mjÞL

sm
i ð7mjÞ�wj, m¼ 0, . . . ,M

Lsm
t ð7miÞ ¼ p

XN

j ¼ 1

½tsmð7mi,7mjÞL
cm
i ð7mjÞþtcmð7mi,7mjÞL

sm
i ð7mjÞ�wj, m¼ 1, . . . ,M

8>>>>>><
>>>>>>:

ð52Þ

Similarly, we define the combined reflection and transmission matrices of the facet as

rm ¼
rcm �rsm

rsm rcm

� �
ð53Þ

tm ¼
tcm �tsm

tsm tcm

� �
ð54Þ

Then, Eqs. (51) and (52) can be rewritten as

Lm
r ð8miÞ ¼ ð1þdð0,mÞÞp

XN

j ¼ 1

rmð8mi,7mjÞL
m
i ð7mjÞwj, m¼ 0, . . . ,M

Lm
t ð7miÞ ¼ ð1þdð0,mÞÞp

XN

j ¼ 1

tmð7mi,7mjÞL
m
i ð7mjÞwj, m¼ 0, . . . ,M

8>>>>>><
>>>>>>:

ð55Þ

where Lm
r , Lm

t and Lm
i are the combined Stokes vectors. So, the reflection and transmission matrices of the ocean–

atmosphere interface layer can be rewritten as

N � N : R�m ¼ ð1þdð0,mÞÞprmð�mi,mjÞwj, i,j¼ 1, . . . ,N

2N � 2N : Rþm ¼ ð1þdð0,mÞÞprmðm�i ,�m�j Þw
�
j , i,j¼ 1, . . . ,2N

2N � N : Tþm ¼ ð1þdð0,mÞÞptmðm�i ,mjÞwj, i¼ 1, . . . ,2N, j¼ 1, . . . ,N

N � 2N : T�m ¼ ð1þdð0,mÞÞptmð�mi,�m�j Þw
�
j , i¼ 1, . . . ,N, j¼ 1, . . . ,2N

8>>>>><
>>>>>:

ð56Þ

Meanwhile, because of the diffuse reflection and transmission by the rough sea surface, the internal radiation sources
for the ocean–atmosphere interface layer are represented as

N : J�m ¼ rmð�mi,m0ÞF0eð�tA=m0Þ, i¼ 1, . . . ,N

2N : Jþm ¼ tmð�mi,m0ÞF0eð�tA=m0Þ, i¼ 1, . . . ,2N

(
ð57Þ

where tA is the optical thickness of the atmosphere layer. From Eqs. (49) and (50), it can be seen that the reflection and
transmission matrices of the facet are the key to obtain the reflection and transmission matrices of the ocean–atmosphere
interface layer, which we will show in detail as follows.

2.4.1. The reflection matrix of the facet

As shown in Fig. 3, Li and Lr are the incident and reflection radiance vectors on the facet, respectively. Here, we assume
the geometry of �Li is (y0,f0), and the relationships between (y0,f0) and (yi,fi) are represented as

y0 ¼ p�yi

f0 ¼fi�p

(
ð58Þ

The incident angle on the facet is

a¼ 1

2
cos�1½cosyr cosy0 þsinyr siny0 cosðfr�f

0
Þ� ð59Þ

Then, the cosine of zenith angle of the normal vector en of the facet is

jmnj ¼
jcosy0jþjcosyrj

2 cos2a
ð60Þ

Substituting Eq. (60) into Eq. (44), we get the probability of the facets, which satisfy the special geometries of the
incident and reflection radiance vectors. According to the Fresnel law, we get the reflection Mueller matrix Fr(a) of the
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Fig. 3. Schematic diagram of the reflection of the special facet of the rough sea surface. Li and Lr are the incident and reflection radiance vectors on the

facet, respectively; �Li is the inverse direction of the incident radiance vector Li.
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facet as

Fr ¼

rþ r� 0 0

r� rþ 0 0

0 0 r33 r34

0 0 �r34 r33

2
66664

3
77775 ð61Þ

where

r7 ¼
1

2
½jRV j

27 jRHj
2�

r33 ¼ ReðRVdR�H Þ

r34 ¼�ImðRVdR�H Þ

RH ¼ ½cosðyiÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

w�1þcos2ðyiÞ
p

�=½cosðyiÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

w�1þcos2ðyiÞ
p

�

RV ¼ ½n
2
wcosðyiÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

w�1þcos2ðyiÞ
p

�=½n2
wcosðyiÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

w�1þcos2ðyiÞ
p

�

8>>>>>>>><
>>>>>>>>:

ð62Þ

where RH is the complex conjugate of RH. Different from the flat sea surface, the reference planes of the incident and
reflection radiance vectors are not in the same plane for the rough sea surface; therefore it needs to rotate the reference
plane. According to the spherical trigonometry properties, the rotation angles are represented as

sini1 ¼ sinyrsinðfr�f
0
Þ=sin2a

sini2 ¼ siny0sinðfr�f
0
Þ=sin2a

(
ð63Þ

Using Eq. (2), we get the rotated reflection Mueller matrix for the special facet as

Rf ¼ Cðp�i2ÞFrðaÞCði1Þ ð64Þ

Furthermore, the shadowing factor should be considered, which is the probability that an individual facet is visible (i.e.,
not obstructed by another facet) to either the observer at (yr,fr) or the source at (yi,fi). The shadowing factor can be
expressed as [23]

Sðyi,fi-yr ,frÞ ¼
1

1þUðjcosyijÞþUðjcosyr jÞ
ð65Þ

where

UðcosyÞ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2s2

p
ð1�cos2yÞ

cos2y

r
exp �

cos2y
2s2ð1�cos2yÞ

� �
�erfc

cosy
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1�cos2yÞ

p
" #( )

ð66Þ

and the error function is given by

erfcðxÞ ¼
2ffiffiffiffi
p
p

Z 1
x

expð�t2Þdt ð67Þ
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Considering the cosine law for irradiance, we finally get the reflection matrix of the facet as

rðyi,fi-yr ,frÞ ¼
1

4jcosyr jjmnj
pðjmnjÞSðyi,fi-yr ,frÞRf ðyi,fi-yr ,frÞ ð68Þ

2.4.2. The transmission matrix of the facet

As shown in Fig. 4, ni and nt are the direction vectors of incident radiance vector and the transmission radiance vector,
respectively. The cosine of the angle between ni and nt is

cosY¼ cosyi cosytþsinyi sinyt cosj ð69Þ

where j(=ft�fi) is the relative azimuth angle. cosY must be larger than sin yc to meet Snell’s law of refraction. According
to Snell’s law of refraction, the direction vector (en) of the facet is represented as

enx ¼ ðnr sinyt cosj�sinyiÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þn2

r�2nr cosY
p

eny ¼ nr sinyt sinj=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þn2

r�2nr cosY
p

enz ¼ ðnr cosyt�cosyiÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þn2

r�2nr cosY
p

8>><
>>: ð70Þ

where nr is the relative refraction index between the incident media and the refraction media. If the radiance incident is
from the atmosphere to the ocean, the incident radiance is in the upper hemisphere of the facet until the enz40 and
enx4�jcosyij, or enzo0 and enxo jcosyij. If the radiance incident is from the ocean to the atmosphere, the incident radiance
is in the lower hemisphere of the facet until the enz40 and enx4 jcosyij, or enzo0 and enxo�jcosyij. Because the cosine of
zenith angle of the normal vector en of the facet is equal to enz, we can get the probability of the facet, which satisfies the
special geometries of the incident and refraction radiance vectors according to Eq. (48).

The incident angle on the facet is

cosa¼ jni � enj ð71Þ

According to the Fresnel law, we obtain the transmission Mueller matrix Ft(a) as

Ft ¼
1

2

n2
w sinð2yiÞ sinð2ytÞ

½sinðbÞ cosðaÞ�2

1þcos2ðaÞ 1�cos2ðaÞ 0 0

1�cos2ðaÞ 1þcos2ðaÞ 0 0

0 0 2 cosðaÞ 0

0 0 0 2 cosðaÞ

2
66664

3
77775 ð72Þ

where a=yi�yt; b=yi+yt; yi is the incident angle a, and yt is the refractive angle with sin(yt)=sin(yi)/nw. For the complete
reflectance case, Ft=0. In the same way, it needs to rotate the reference plane. According to the spherical trigonometry
properties, the rotation angles are represented as

sini1 ¼ sinyt sinj=sin2a
sini2 ¼ sinyi sinj=sin2a

(
ð73Þ
nr ξt

ξt

ξi

en

Fig. 4. Geometry of the refraction of the special facet of the rough sea surface. ni and nt are the direction vectors of incident radiance and the transmission

radiance, respectively; en is the direction vector of the facet; nr is the relative refraction index between the incident media and the refraction media.
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Using Eq. (2), we get the rotated transmission Mueller matrix for the special facet as

Tt ¼ Cðp�i2ÞFtðaÞCði1Þ ð74Þ

Furthermore, the shadowing factor should be considered as [23]

Sðyi,fi-yt ,ftÞ ¼
1

1þUðjcosyijÞþUðjcosytjÞ
ð75Þ

Finally, considering the cosine law for irradiance, we get the transmission matrix of the facet as

tðyi,fi-yt ,ftÞ ¼
cosYi cosYt

jcosytjjmnjðcosYi�nrcosYtÞ
2

pðjmnjÞSðyi,fi-yt ,ftÞTtðyi,fi-yt ,ftÞ ð76Þ

where Yi and Yt are the incident and refraction angles of the facet, respectively, which can be easily derived from the
direction vectors of ni, nt and en.

3. Validation and results

The validation of the PCOART is performed with several radiative transfer problems in the atmosphere and ocean,
including (A) the Rayleigh atmosphere radiative transfer problem to validate the numerical accuracy of the Stokes vector
calculated by the model for the rough sea-surface; (B) the standard underwater radiative transfer problems to validate the
numerical accuracy of the model for both the flat and rough sea-surface; and (C) the coupled ocean–atmospheric radiative
transfer problem to validate the numerical accuracy of the radiance fields in the atmosphere and ocean calculation by the
model for the rough sea-surface. Finally, the polarizing remote sensing data from POLDER are used to validate the capacity
of the POCART to simulate the linear polarizing radiance at the top-of-atmosphere.

3.1. Rayleigh atmosphere radiative transfer problem for rough sea surface

Rayleigh atmosphere is the idealized atmosphere that consists of only the molecules. For such atmosphere, there is no
absorption in the atmosphere. Here, the case is a Rayleigh atmosphere layer above a total absorption ocean layer with a rough
sea surface. For this radiative transfer problem, Gordon et al. [23,43] had solved the vector radiative transfer equation
numerically using the successive-order-of-scattering method with the wind induced rough sea surface, and derived the Stokes
vector at the top-of-atmosphere with the error less than 0.1%, by which the exact Rayleigh scattering look-up tables had been
generated for several ocean color remote sensors, such as CZCS, SeaWiFS, MODIS, etc. Here, we use the exact Rayleigh scattering
look-up tables of MODIS (hereinafter referred to as MODIS_LUT) to validate the accuracy of PCOART. In the calculation, fifty
Gaussian-quadrature points are used for the atmosphere, and the Rayleigh scattering matrix is

PðWÞ ¼
3

2

ð1�r0Þ

ð1þðr0=2ÞÞ

1

2

1þr0

1�r0

þcos2W
� �

�
1

2
½1�cos2W� 0 0

�
1

2
½1�cos2W�

1

2
½1þcos2W� 0 0

0 0 cosW 0

0 0 0
ð1�2r0Þ

ð1�r0Þ
cosW

2
6666666664

3
7777777775

ð77Þ

where W is the scattering angle;r0 is the depolarization factor of the atmosphere molecule, which takes the value of r0=0.0279
[44]. Because of the limited space of this paper, here we only give the validation results of 412 nm band with the solar zenith
angle of 301. The incident extraterrestrial irradiance is 1726.7 W/(m2mm) for the 412 nm band of MODIS. The horizontal wind
speeds at 10 m height above the sea surface are 5 and 15 m/s, respectively. Figs. 5 and 6 show the comparison of the first
component I of the Stokes vectors between PCOART and MODIS_LUT with the sea surface wind speeds of 5 and 15 m/s,
respectively, where the relative errors are all less than 0.5% for the different observation zenith angles and relative azimuth
angles. Also, the components Q and U of the Stokes vectors calculated by PCOART are consistent well with the results of
MODIS_LUT, as shown in Figs. 7 and 8. The last component V of the Stokes vectors for both the PCOART and MODIS_LUT are
zeros for the Rayleigh atmosphere. Therefore, the Stokes vector calculated by PCOART for the rough sea-surface is correct.

3.2. The standard underwater radiative transfer problems

The standard radiative transfer problems in ocean were well-defined by Mobley for the intercomparison of various
numerical models, and the details could be found in the literature [45]. Here, five problems that cover specific aspects of
the radiative transfer in the ocean are used to validate the accuracy of the current version of PCOART for both the flat and
rough sea-surface, as follows:
(1)
 an unrealistically simple problem,

(2)
 a base problem using realistic inherent optical properties for the ocean,
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Fig. 5. Comparison of component I of Stokes vectors between PCOART and MODIS_LUT for different observation zenith angles and relative azimuth angles

with sea surface wind speed of 5 m/s, (a) values of I; (b) relative errors.
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(3)
 the base problem but with stratified water,

(4)
 the base problem but with a finite depth bottom, and

(5)
 the base problem but with a rough sea surface.
In each of these problems, the water is taken to be horizontally homogeneous with the refractive index of 1.34. The
depth from the sea surface is specified by either the no dimensional optical depth t or by the geometric depth z in meters.
The first four problems assume that: (a) sea surface is flat; (b) there is no atmosphere, i.e. the sky is black; (c) the solar
zenith angle is 601; (d) the incident solar irradiance is 1.0 mW/(cm2mm) with Ed=0.5 mW/(cm2mm) for a solar zenith angle
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Fig. 6. Comparison of component I of Stokes vectors between PCOART and MODIS_LUT for different observation zenith angles and relative azimuth angles

with sea surface wind speed of 15 m/s. (a) Values of I; (b) relative errors.
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of 601, and (e) there is no inelastic scattering or other source of light within the ocean. The first four problems were already
validated by our previous version of PCOART for flat sea surface [24], and will not be repeated here. The results showed
good agreements between the PCOART simulations and the average values given by Mobley et al. [45] (hereinafter referred
to as AVM) for both the highly scattering and absorbing cases, which proved that PCOART could exactly predict the
underwater radiance fields for the sharp forward scattering, stratified and finite depth ocean cases.

The last problem is similar to problem 2 but with rough sea surface at the solar zenith angle of 801. The Petzold phase
function [46] is used instead of the simple Rayleigh scattering phase function with the single scattering albedo (o0) of 0.9.
In the natural water, even very low concentrations of suspended particle matter can cause sharp forward scattering.
Therefore, dealing with the sharp forward scattering phase function is important for the realistic underwater radiative
transfer simulation. In PCOART, the Delta-M method [47] is used to deal with the sharp forward scattering phase function.



ARTICLE IN PRESS

-100

-80

-60

-40

-20

0

20

Zenith angle (degree)

Q
 (W

/m
2 /

µm
/s

r)

0
-100

-80

-60

-40

-20

0

20

Zenith angle (degree)

Relative azimuth angle

PCOART: 0° 45° 90° 135° 180°
MODIS_LUT: 0° 45° 90° 135° 180°

Relative azimuth angle
PCOART: 0° 45° 90° 135° 180°
MODIS_LUT: 0° 45° 90° 135° 180°

Q
 (W

/m
2 /

µm
/s

r)

10 20 30 40 50 60 70 80

0 10 20 30 40 50 60 70 80

Fig. 7. Comparison of component Q of Stokes vectors between PCOART and MODIS_LUT for different observation zenith angles and relative azimuth

angles. (a) Sea surface wind speed of 5 m/s; (b) sea surface wind speed of 15 m/s.
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The detail derivation of the Delta-M method and the extension method for polarized light were described in the literature
[31]. As shown in Fig. 9, the Delta-M truncated Petzold phase function is much smoother than the original sharp forward
scattering function. In the simulation, the atmosphere–ocean system is discretized into one atmospheric layer and one
oceanic layer. The atmospheric layer is completely clear with no extinction, and the depth of the oceanic layer is infinite.
The simulations were performed using ten Gaussian-quadrature points in atmosphere and twenty Gaussian-quadrature
points in ocean with the sea surface wind speed of 7.23 m/s. Table 1 shows the comparison results of the downward
irradiance (Ed), the upward scalar irradiance (Eou) and the upward nadir radiance (Lu) at three optical depths calculated by
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Fig. 8. Comparison of component U of Stokes vectors between PCOART and MODIS_LUT for different observation zenith angles and relative azimuth

angles. (a) Sea surface wind speed of 5 m/s; (b) sea surface wind speed of 15 m/s.
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PCOART with the AVM. There is also good agreement between the PCOART results and the Mobley-derived average values
for the underwater radiative transfer problem with rough sea surface.

3.3. The coupled ocean–atmosphere radiative transfer problem for rough sea surface

To the best of the authors’ knowledge, there is no standard value of the vector radiative transfer problem of coupled
ocean–atmosphere system for rough sea surface. Here, we use the scalar radiative transfer code named coupled ocean
atmosphere radiative transfer (COART) model to validate the numerical accuracy of the radiance fields in the atmosphere
and ocean calculation by PCOART for rough sea-surface. COART is the scalar radiative transfer code using the discrete
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Fig. 9. Comparison of the original Petzold phase function and the Delta-M truncated function.

Table 1
Intercomparison of PCOART predictions with average values and standard deviations by Mobley et al. [45] for problem 5.

s Ed [mW/(cm2mm)] Eou [mW/(cm2mm)] Lu [mW/(cm2mm sr)]

PCOART AVM PCOART AVM PCOART AVM

1 1.147E�1 1.1470.02E�1 3.534E�2 3.5570.08E�2 2.040E�3 2.0970.07E�3

5 4.392E�2 4.3370.04E�2 1.232E�2 1.2270.04E�2 7.458E�4 7.6370.28E�4

10 1.505E�2 1.4870.02E�2 3.696E�3 3.6570.08E�3 2.491E�4 2.4970.07E�4
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ordinates method for rough sea surface, based on the Coupled DIScrete Ordinate Radiative Transfer (Coupled DISTORT or
CDISORT) code developed from DISORT, which is the public distributed software for radiative transfer by NASA [29]. The
same radiative transfer problem of coupled ocean–atmosphere system with rough sea-surface was calculated both by
PCOART and by COART with the following conditions:
(1)
 The United Sates Standard Atmospheric Model (US62) with none aerosol, or Rayleigh atmosphere;

(2)
 rough sea surface with the horizontal wind speeds 5 and 15 m/s at 10 m height above the sea surface, respectively;

(3)
 infinite water depth;

(4)
 vertical uniform chlorophyll concentration of 1.0mg/l; and

(5)
 Petzold phase function [46].
For the no-absorption Rayleigh atmosphere, the vertical profile of the atmosphere molecule can affect the radiance
distribution in the atmosphere; however, it does not affect the upward radiance at the top-of-atmosphere and the
downward radiance at the sea surface. If we consider the radiance at the top-of-atmosphere, the Rayleigh atmosphere can
be taken as a uniform layer. In the simulation by PCAORT, the atmosphere–ocean system is discretized into one Rayleigh
atmosphere layer and one oceanic layer. Because of the limitation of the space, here we only give the validation results of
412 nm with a solar zenith angle of 301. The simulations were performed using ten Gaussian-quadrature points in
atmosphere and twenty Gaussian-quadrature points in ocean for PCOART. Fig. 10 shows the comparison results of the
radiance fields at the top-of-atmosphere, just above sea surface and at 5 m depth underwater between PCOART and COART
with the horizontal wind speeds at 10 m height above the sea surface of 5 m/s. Radiances with zenith angle between 01 and
901 represent the upward radiances, and radiances with zenith angle between 901 and 1801 represent the downward
radiances. It can be seen that there are good agreements between PCOART and COART results for the radiance fields at the
top-of-atmosphere and just above sea surface. For the radiance field at 5 m depth underwater, there is a large difference of
the downward radiance around the solar refraction direction where PCOART results are much smaller than COART. As we
know, the Delta-M method will artificially enhance the direct-beam component of flux at the expense of the diffuse
component, but the sum of the two will be computed accurately [48]. Therefore, the simulated downward radiance near
the solar direction (aureole) will be reduced using the Delta-M method. To remedy this limitation, COART uses the
Nakajima and Tanaka algorithms [49] to correct the radiance near the solar direction, which use the ‘‘correct’’ single/
double scattering radiance to replace the ‘‘wrong’’ single/double scattering radiance calculated by COART. So, COART can
simulate the radiance near the solar direction more accurately. However, this correction has not been adopted in the
current version of PCOART. Another reason is that twenty Gaussian-quadrature points in ocean are too little to express
the radiation of the aureole region. Generally, the larger the number of the Gaussian-quadrature point, the more accurate
the radiance near the aureole region. However, the computation burden grows as the cube of the number of the
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Fig. 10. Comparison of the 412 nm radiance fields at top-of-atmosphere, just above sea surface and 5 m depth underwater between PCOART and COART with

the horizontal wind speeds at a height of 10 m above the sea surface of 5 m/s. (a) Top-of-atmosphere, (b) just above sea surface, (c) 5 m depth underwater.
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Fig. 11. Comparison of the 412 nm radiance fields at top-of-atmosphere, just above sea surface and 5 m depth underwater between PCOART and COART

with the horizontal wind speeds at a height of 10 m above the sea surface of 15 m/s. (a) Top-of-atmosphere, (b) just above sea surface, (c) 5 m depth

underwater.
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Gaussian-quadrature point. For any case, the upward radiance at 5 m depth underwater is in good agreement between
PCOART and COART, which is more important for the application of ocean color remote sensing. The results are the same
for the horizontal wind speeds at a height of 10 m above the sea surface of 15 m/s, as shown in Fig. 11.

3.4. Validation by the polarizing remote sensing data of POLDER

We use the polarizing remote sensing data of POLDER onboard the ADEOS-II satellite to validate the capacity of the
POCART to simulate the linear polarizing radiance at the top-of-atmosphere. To compare the linear polarization radiance
between the PCOART prediction and POLDER measurements, the input parameters of the PCOART should mostly be similar
to the reality of the atmosphere and ocean optical properties when POLDER is measured. However, it is difficult to
determine the optical properties of aerosol exactly because of its large spatio-temporal variation. Therefore, the lesser the
aerosol impact, the more reliable the comparison result. Generally, the blue band has a larger Rayleigh scattering and a
relatively smaller contribution of the aerosol scattering than that at a longer wavelength. Therefore, to avoid the effect of
the aerosol scattering contribution furthest, the shortest wavelength band, 443 nm band of POLDER, is selected in the
simulation. In the simulation, the atmosphere–ocean system is discretized into three homogeneous layers with
the atmosphere molecular layer (or Rayleigh scattering layer) in the top layer, and aerosol in the middle layer, and ocean in
the lower layer. Here we only consider the linear polarizing radiance at the top-of-atmosphere. Because the water-leaving
radiance is almost unpolarized, we assume the ocean is total absorption. Thirty Gaussian-quadrature points in atmosphere
are used in the simulation by PCOART. The Rayleigh optical thickness is 0.2326 for the 443 nm band of POLDER, and the
aerosol optical thickness is inversed by the 865 nm band of POLDER using the single scattering approximate method as [23]

ta ¼
4pLa cosyS

oaF0½PaðW�Þþðrðy0ÞþrðySÞÞPaðWþ Þ�
ð78Þ

where yS is the sensor observation zenith angle; y0 is the solar zenith angle; F0 is solar irradiance; La is the aerosol
scattering radiance; oa is the aerosol single scattering albedo; Pa is the aerosol scattering phase function; r is the reflection
coefficient of the flat sea surface, which can be calculated by Eq. (58), and W is the scattering angle, which can be calculated
from solar geometry (y0,j0) and sensor observation geometry (yv,jv) as

cosW7 ¼7cosy0 cosyv�siny0 sinyvcosðjv�j0Þ ð79Þ

oa and Pa are determined by the aerosol model, and here we use the M80 aerosol model (Marine aerosol with a relative
humidity of 80%). Because the water-leaving radiance at 865 nm wavelength can be neglected, the La is approximated by
La=Lt�Lr, where Lt is the total radiance received by POLDER, and Lr is the Rayleigh scattering radiance.

Fig. 12 shows the comparison of the linear polarization reflectance (LPR) at 443 nm between the PCOART predictions
and the POLDER measurements on 10 July 2003. The LPR is defined as

LPR¼
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2þU2

p
F0 cosy0

ð80Þ

where Q and U are the linear polarization radiances at the top-of-atmosphere. It can be seen that PCOART reproduced the
linear polarization reflectance measured by POLDER perfectly. Fig. 13(a) shows the scattering plot comparison of 443 nm
LPR between POLDER measurements and PCOART predictions on 10 July 2003 with the aerosol optical thickness less than
0.2 and the sensor observation zenith angle less than 301. We can see the good agreement between POLDER measurements
and PCOART predictions with the correlation coefficient of 0.9968 and the standard deviation of 0.0026, and the averaged
relative error of 4.96% (LPR40.01). For the other wavelengths corresponding to the bands of POLDER/ADEOS-II, although
the aerosol impact is larger than 443 nm, there is also good agreement between POLDER measurements and PCOART
predictions (Fig. 13b), but it results in much more scatter than the result at 443 nm because of the greater influence of the
aerosol variation. The above results could benefit other polarizing satellite remote sensors, such as the Aerosol Polarimetry
Sensor, which is scheduled to be part of the NASA Glory Mission [50]. It is worthy to note that the present model of PCOART
is a one-dimensional layered model, which neglects the horizontal inhomogeneous properties of the real nature. Although
the present model of PCOART can perfectly reproduce the linear polarization reflectance measured by POLDER as a whole,
the simulation errors of the pixels near clouds may be large, and for these pixels the simulation should consider the three-
dimensional effect.

4. Conclusion

We have developed a vector radiative transfer model termed PCOART for the coupled ocean–atmosphere system with
rough sea-surface. The model solves the vector radiative transfer equation using the matrix-operator (or adding-doubling)
method. In order to couple the radiative transfer in the atmosphere and ocean, the infinite thin ocean–atmosphere
interface layer is added to deal with the reflection and transmission through the sea surface. Both the flat and wind
induced rough sea surface cases are implemented in the PCOART.

Several radiative transfer problems in the atmosphere and ocean are used to validate the model, including the radiative
transfer problem of Rayleigh atmosphere, the standard radiative transfer problems in ocean, the coupled ocean–atmospheric
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Fig. 12. Comparison of the 443 nm linear polarization reflectance between POLDER measurements and PCOART predictions on 10 July 2003. (a) POLDER

measurements, (b) PCOART predictions.
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radiative transfer problem, and the simulation of the linear polarizing radiance measured by POLDER. Validation results of the
radiative transfer problem of Rayleigh atmosphere show that the Stokes vector calculated by PCOART for the rough sea-surface
is exact, where the relative errors of the first component of Stokes vector calculated by PCOART are all less than 0.5% for the
different observation zenith angles and relative azimuth angles, and the components Q, U, and V of the Stokes vector calculated
by PCOART are consistent well with the results of the exact Rayleigh scattering look-up tables of MODIS.

In order to assess the performance of PCOART in applying to the underwater radiative transfer problems, a model
intercomparison was performed for five well-defined standard problems covering specific aspects of the radiative transfer
in the ocean for both the flat and rough sea surface. The results show that there were good agreements between the
PCOART predictions and the standard values for both the highly scattering and absorbing cases, which present that PCOART
can exactly predict the underwater radiance fields for the sharp forward scattering, stratified, finite depth and rough sea
surface cases. Meanwhile, a model intercomparison was performed to assess the performance of PCOART when applied to
the radiative transfer problem of the coupled ocean–atmosphere system. The scalar radiative transfer code named COART
was used to validate the numerical accuracy of the radiance fields in the atmosphere and ocean calculation by PCOART for
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Fig. 13. Scatter plot comparisons of the linear polarization reflectance between POLDER measurements and PCOART predictions on 10 July 2003.

(a) 443 nm, (b) 865 nm.
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rough sea-surface. The same radiative transfer problem of coupled ocean–atmosphere system for rough sea-surface was
calculated both by PCOART and by COART. The results show that there are good agreements between PCOART and COART
results for the radiance fields at the top-of-atmosphere and just above the sea surface. For the radiance field at 5 m depth
underwater, there is a large difference of the downward radiance around the solar refraction direction where PCOART
results are much smaller than COART, which is caused by the forward scattering radiance reduction effect of the Delta-M
processing in PCOART. However, there is good agreement between PCOART and COART for the upward radiance at 5 m
depth underwater, which is more important for the application of ocean color remote sensing. Finally, the satellite remote
sensing data of the linear polarization radiance measured by POLDER is used to test the capacity of PCOART to simulate the
polarization radiance at top-of-atmosphere for satellite remote sensing application. The results show that PCOART can
reproduce the linear polarization reflectance measured by POLDER perfectly, and there is good agreement between
POLDER measurements and PCOART predictions with the correlation coefficient of 0.9968 and the standard deviation of
0.0026, and the averaged relative error of 4.96% (LPR40.01) for the 443 nm band of POLDER.

To the best of the authors’ knowledge, there are few codes dealing with the vector radiative transfer in the coupled
ocean–atmosphere system for rough sea surface. PCOART can not only simulate the total radiance field in the coupled
ocean–atmosphere system with wind induced rough sea surface exactly but also predict the polarization radiance field both in the
atmosphere and in the ocean correctly, which can serve as a useful tool for the ocean optics and ocean color remote sensing
communities.
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